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ABSTRACT 
5’y%?/ 

An at tempt  i s  made t o  e s t a b l i s h  an equat ion  f o r  the  I 

s c a t t e r i n g  of sound wi th in  t h e  t u r b u l e n t  atmosphere 

under t h e  fo l lowing  assumptions : t he  d i s t r i b u t i o n  of  i 

I 

t he  tu rbu len t  pu l sa t ions  i n  space is random, statis-  

t i c a l l y  s t a t i o n a r y  and i s o t r o p i c  i n  t h e  sense  of 
I 

Karmann. Expressions a re  der ived  f o r  t h e  amount of 1 

i 
i 
I 
I 

\ 
a c o u s t i c  energy s c a t t e r e d  i n t o  an elementary s o l i d  

angle  i n  a c e r t a i n  d i r e c t i o n  and p e r  u n i t  of t i m e ,  as 

w e l l  as f o r  the  t o t a l  s c a t t e r e d  energy. 

The i n v e s t i g a t i o n s  of t he  laws of sound-sca t te r ing  under the  /616* 

condi t ions  of a tu rbu len t  atmosphere i s  a c u r r e n t  problem of me- 

t e o r o l o g i c a l  acous t i c s .  I n  the  present  r e p o r i  w e  have a t t e q t e c !  

t o  o b t a i n  an approximate s o l u t i o n  of t h e  problem us ing  methods of 

* Note: Numbers i n  t h e  margin i n d i c a t e  pag ina t ion  i n  t h e  o r i g i n a l  
fo re ign  t e x t .  
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t he  s t a t i s t i c a l  theory of turbulence,  based on a c o u s t i c a l  equat ions 

of media i n  motion. 

§l. The b a s i c  equat ion f o r  the  propagat ion of sound i n  a medium 

i n  motion can b e  w r i t t e n  i n  t h e  fol lowing form: 

where 4 i s  the  p o t e n t i a l  of t h e  acous t i c  wave* and 

a -- Dt=-+(u at V); 

D t  i s  t h e  ope ra to r  of complete d i f f e r e n t i a t i o n  wi th  r e spec t  t o  t h e  t i m e ;  

u , t he  motion v e l o c i t y  vec to r  of the  f l u i d ;  c ,  t he  speed of  sound. 

This equat ion w a s  e s t a b l i s h e d  by Andreyev (Ref. 1)  by making a few 

s impl i fy ing  assumptions. 

- 

L e t  us assume t h a t  t he  average flow v e l o c i t y  i s  equal  t o  ze ro  

a d  t h a t  u i s  t h e  ins tan taneous  va lue  of the p u l s a t i o n  v e l o c i t y  i n  

the  tu rbu len t  flow. Since t h e  p u l s a t i o n  v e l o c i t i e s  under condi t ions  

w i t h i n  t h e  e a r t h ' s  atmosphere are small wi th  r e s p e c t  t o  t h e  speed 

of  sound, w e  w i l l  only r e t a i n  terms i n  t h e  equat ions ,  which are of  

an o rde r  corresponding t o  t h e  smallest power of  t h e  small q u a n t i t y  

p = ; 
U and w e  w i l l  neg lec t  terms of h ighe r  order .  

By expanding t h e  express ion  f o r  the  ope ra to r  D: and by ignor ing  

t h e  terms t h a t  are small of t h e  second o rde r  i n  equat ion  ( l ) ,  w e  

* i n  the  p re sen t  paper ;e w i l l  neg lec t  t h e  component of t he  sound 
f i e l d  which does n o t  have a p o t e n t i a l  which, i n  genera l ,  i s  
p resen t  i n  t h e  spreading  of sound w i t h i n  a flow wi th  v o r t i c e s .  
The va lue  of t h i s  component, i n  comparison t o  t h e  p o t e n t i a l  
component under condi t ions  which correspond t o  rne a t m o s p h K t : ,  
i s  not  l a rge .  
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ob ta in  the  "shortened1' equat ion  f o r  the  sound propagat ion:  

w e  w i l l  make use of  t h i s  equat ion i n  t h e  fol lowing.  

52. We w i l l  m a k e  t h e  following assumptions concerning the  

f i e l d  of t u rbu len t  pu l sa t ions :  

1 )  The d i s t r i b u t i o n  of t he  pu l sa t ions  i n  space is  of  a 

co inc iden ta l  na ture .  The pu l sa t ions  are s t a t i s t i c a l l y  independent 

a t  p o i n t s  t h a t  are s u f f i c i e n t l y  d i s t a n t  from each o the r .  

2) The d i s t r i b u t i o n  of t he  pu l sa t ions  i n  space i s  s ta t i s -  

t i c a l l y  s t a t i o n a r y ;  t h e  r e fe rence  moments among t h e  pu l sa t ions  a t  

d i f f e r e n t  p o i n t s  depend only on the  v e c t o r  connect ing these  

p o i n t s  : 

- -  - -  
EU (rl) u (P,) = M - F,) (3) 

i n  which E i s  t h e  symbol f o r  mathematical expec ta t ion  and M i s  

the  t e n s o r  of t h e  re ference  moments. 

3) The f i e l d  of t h e  tu rbu len t  pu l sa t ions  i s  i s o t r o p i c  i n  

t h e  sense  of Karmann (Ref. 2 ,  3). 

The problem posed i n  t h e  present  paper  c o n s i s t s  of e s t a b l i s h i n g  

a " local"  equat ion  f o r  t h e  s c a t t e r i n g  of sound, which determines t h e  

t ransformat ion  of t h e  sound wave through any "elementary volume" of 

t he  tu rbu len t  flow. L e t  us s e l e c t  an element having t h e  form of a 

cube of  volume V from t h e  turbulen t  f low, whose dimensions must 

s a t i s f y  t h e  fo l lowing  condi t ions :  A) 

s i o n s  of t h e  t u r b u l e n t  d i s turbances ,  t h e  volume must b e  s u f f i c i e n t l y  

l a r g e ,  so  t h a t  t h e  c o r r e l a t i o n  a t  a d i s t a n c e  of  about one-fourth of 

i n  comparison t o  the  dimen- 
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t h e  base  length  of t h e  cube disappears  f o r  a l l  p r a c t i c a l  purposes.  

B) 

of sound waves, t h a t  i t  can accomodate, i s  smaller than  - . 
p = ; 
t o  t h e  speed of sound. 

The dimensions of t h e  elementary volume are such t h a t  t h e  number 

1 
4v 

U i s  t h e  r a t i o  of t h e  average square of t h e  p u l s a t i o n  v e l o c i t y  

- 8  
.. . .  

e 
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% 

v 
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Figure 1. 

% 
Under ord inary  condi t ions  i n  t h e  atmosphere v % 0.003 t o  0.001, and 

300 t o  1,000. 

Since w e  are dea l ing  wi th  a local problem, w e  w i l l  assume, sub- 

t o  some r e s e r v a t i o n s ,  t h a t  the p u l s a t i o n  v e l o c i t y  ou t s ide  of t h e  

volume considered i s  u 5 0. 

53. L e t  t h e  wave pass ing  through b e  given by t h e  equat ion  

We w i l l  look f o r  t he  s o l u t i o n  of equat ion  (2), i .e. ,  t h e  func- 

t i o n  $(r, t ) ,  which approximates t h e  func t ion  1$0(r ,  t )  asymptot ica l ly  

as one depar t s  from t h e  "sca t te r ing"  element V and which de f ines  the  

4 



undisturbed wave. L e t  us assume t h a t  Cp = $ 0  + + . W e  then o b t a i n  

the  fol lowing d i f f e r e n t i a l  equat ion f o r  t h e  "disturbance" + 

The d is turbance  d isappears  a t  i n f i n i t y :  +(T, t) -+ 0 f o r  r -+ m. 

By i n t e g r a t i n g  t h e  inhomogeneous wave equat ion  (5) by t h e  

method of r e t a rded  p o t e n t i a l s ,  w e  ob ta in  t h e  fol lowing i n t e g r a l  

equat ion  : 

- 
i n  which R = 1'; - p i .  

L e t  us assume t h a t  t h e  cen te r  0 of  t h e  volume V i s  t h e  co- 

o r d i n a t e  system o r i g i n ;  l e t  us denote t h e  u n i t  vec to r  which de te r -  

mines t h e  d i r e c t i o n  of t h e  s c a t t e r e d  r ay  by ;, and l e t  us c a l l  t h e  

d i s t a n c e  between t h e  cen te r  0 and t h e  p o i n t  of observa t ion  Ro . 
For l a r g e  values  of Ro, t h e  following development app l i e s :  

By so lv ing  t h e  i n t e g r a l  equat ion obtained by t h e  method of 

success ive  approximations and by again in t roduc ing  t h e  parameter ~ . r ,  

which i s  a small  q u a n t i t y ,  we ob ta in  t h e  d e s i r e d  s o l u t i o n  i n  the  

form of a series: 

1618 

?) =?)r ++* +$a9+ . ' .; 9 s  = 0 (p'); $ 8  =o (11')' * 

The convergence of t h i s  process  is  assured  when t h e  cond i t ion  "B" 

i s  s a t i s f i e d .  L e t  us - consider ing t h e  smallness  of t h e  q u a n t i t y  1 ~ -  - 
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r e s t r i c t  ourse lves  t o  t h e  f i r s t  approximation. 

of RO t h e  fol lowing express ion  i s  obtained f o r  i t :  

For l a r g e  va lues  

RO 
i n  which t o  = 7 . 

For l a r g e  d i s t ances  from t h e  center  0,  t h e  e f f e c t  of scat- 

t e r i n g  of the  a c o u s t i c  wave by t h e  element V i s  equ iva len t  t o  t h e  

propagat ion of t h e  s p h e r i c a l  wave. Since t h e  p u l s a t i o n s  u ( p )  are 

of a co inc iden ta l  na tu re ,  t h e  wave descr ibed  by t h e  func t ion  $1 

i s  no t  coherent w i th  the  wave $ 0  passing through. 

54. I n  o rde r  t o  determine the sound energy, which i s  s c a t t e r e d  

3y t h e  element V i n  t h e  d i r e c t i o n  of t h e  v e c t o r  m, w e  determined 

t h e  mean square of t h e  amplitude $1: 

- 
i n  which M ( P 1  - 02) = Eu(pl)*u ( p 2 )  i s  the  t e n s o r  of r e fe rence  

moments . 
By applying cond i t ion  "A", we can r ep lace  t h e  f i r s t  i n t e g r a t i o n  

over  t he  voiume t' by tlie integrat icn over the  e n t i r e  space ,  wi thout  

making a l a r g e , e r r o r .  L e t  us introduce t h e  fo l lowing  add i t iona l  

no t  a t  ion  

6 



w e  then  o b t a i n  t h e  f i n a l  express ion  f o r  t h e  mathematical  expec ta t ion  /619 

1+112: 

- -  A : .  w' - 
E ;q, 1' = 2 x  . - c4 --- Rj ( p ,  @(j- p m )  p )  v, 

i n  which VO i s  t h e  volume of t h e  s c a t t e r i n g  element V. 

f unc t ion  @(k) can be c a l l e d  t h e  " spec t r a l  function' '  of t h e  tu rbu len t  

flow. 

p u l s a t i o n s  among t h e  f requencies .  For t h e  case of  an incompressible ,  

i s o t r o p i c  p u l s a t i o n  f i e l d ,  t h e  s p e c t r a l  func t ion  is  def ined  by only 

a scalar func t ion  which s a t i s f i e s  the  fol lowing t enso r  equation: 

The t e n s i v e  

It i s  c l o s e l y  r e l a t e d  t o  the  d i s t r i b u t i o n  of t h e  tu rbu len t  

i n  which I i s  t h e  symbol f o r  t h e  u n i t  t e n s o r ,  EU2 i s  the  mean 

square  of t h e  p u l s a t i o n  v e l o c i t y .  

L e t  us in t roduce  t h e  s c a t t e r i n g  angle  8 ,  which i s  the  angle  

between the  d i r e c t i o n  of t he  wave pass ing  through and t h e  d i r e c t i o n  

of t h e  s c a t t e r e d  ray m. Afte r  some simple t ransformat ions ,  w e  

o b t a i n  t h e  fol lowing from equat ion (10) wi th  t h e  a i d  of equat ion (11) 

It i s  a l s o  advantageous t o  in t roduce  a dimensionless  s p e c t r a l  

func t ion  f when us ing  t h e  concept of a l i n e a r  scale f o r  turbulence.  

For t h i s  purpose,  l e t  us se t  

F (k) = P f  (Zk) 

i n  which 2 i s  some c h a r a c t e r i s t i c  length  which i s  connected wi th  

t h e  n a t u r e  of t h e  curbuien i  :IC*. Eqtiatis:: (12)  CZE h e  r e w r i t t e n  i n  

t h e  fol lowing way: 
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The sound energy i s  p ropor t iona l  t o  t h e  second power of t h e  

amplitude.  Therefore ,  an  amount of energy which i s  p ropor t iona l  

t o  E1$1I2 R2dQ i s  s c a t t e r e d  i n t o  an element having t h e  s o l i d  

angle  dQ. 
0 

L e t  us set Vo = SAX, i n  which Ax is  an element of t h e  pa th  

t r a v e r s e d  by t h e  incoming wave. Let us c a l l  t h e  energy f l u x  U. 

Thus, Uo = xA2S i s  t h e  energy f l u x  pass ing  through and 
0 

U' = XI 1 I Q2 I RgdQ i s  t h e  f l u x  of t h e  s c a t t e r e d  energy. x i s  a 

n 
p r o p o r t i o n a l i t y  cons tan t .  By mul t ip ly ing  both  p a r t s  of  equat ion  

(13) by xR2 dQe, w e  o b t a i n  t h e  sound energy s c a t t e r e d  i n t o  t h e  

element having a s o l i d  angle  dQ i n  t h e  d i r e c t i o n  8 p e r  u n i t  of 
0 

t i m e  : 

By i n t e g r a t i n g  over t h e  sphere,  we o b t a i n  t h e  t o t a l  amount of 

s c a t t e r e d  energy 

Equations (14) and (15) a r e  t h e  complete s o l u t i o n  of t h e  problem. I620  

It i s  nacura i  LW est&:lsh thz hypnthesis, that t h e  s c a t t e r e d  

energy U' comes from t h e  fundamental flow having the  energy Uo, 
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which i s  t h e  reason t h e  fundamental flow U o  experiences an at tenua-  

t i o n  when i t  p e n e t r a t e s  t h e  thickness  of t h e  t u r b u l e n t  l a y e r  i n  t h e  

atmosphere. 

The a t t e n u a t i o n  c o e f f i c i e n t  of t h e  energy of t h e  fundamental 

flow due t o  s c a t t e r i n g  can b e  expressed i n  t h e  fo l lowing  way: 

I n  order  t o  o b t a i n  numerical  r e s u l t s ,  i t  i s  necessary t o  

know t h e  dimensionless  s p e c t r a l  func t ion  f ,  t h e  va lue  of t h e  tu r -  

b u l e n t  scale Z and t h e  mean square of t h e  pu l sa t ion .  These 

q u a n t i t i e s  can be  obta ined  by means of appropr i a t e  experimental  

i n v e s t i g a t i o n s  under n a t u r a l  atmosphere condi t ions .  

I n s t i t u t e  f o r  Theore t i ca l  Geophysics. 
Academy of Sciences of t h e  USSR, Moscow 
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